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A new constitutive model describing the pressure dependence of plasticity and fracture in solder joints is
proposed. The pressure dependence of the solders ﬂow stress is obtained from the Peierls stress necessary
to move mobile dislocations. Conservation of volume during plastic deformation is achieved through a
deviatoric associated ﬂow rule. Fracture is considered as a result of damage accumulation depending
on the amount of plastic strain and triaxiality of stress the sample has experienced. The constitutive
model was implemented in the FEM code Abaqus using the user subroutine UMAT. The model predictions
were compared to experimental results of tensile tests performed with Sn-3.5Ag solder joints of various
thicknesses. Ultimate tensile strength and ductility showed a strong dependency on the solder joints
geometry. It is demonstrated that the model can nicely be ﬁtted to experimental results.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Due to their applications in electronic industry, solder joints
represent the critical links in determining the lifetime of electronic
parts. For several decades, lead containing solders were widely
used as solder material, because of their low melting temperature
and excellent mechanical behavior. However, due to concerns
regarding environment and health, they are now eliminated and
substituted by lead-free solder alloys. This has lead to renewed
interest in constitutive models describing the elasto-plastic prop-
erties of solders. Several investigations in recent years have shown
that lead-containing and lead-free solders may be treated within
the same theoretical framework using different material parame-
ters for different alloys: The strain rate-dependent creep properties
are usually modeled on the basis of the Anand model (Anand,
1985; Amagai et al., 2002) the temperature and strain rate depen-
dence of which has been further improved by several authors
(Chen et al., 2004; Pei and Qu, 2005; Bai et al., 2009). On the other
hand, the time independent behavior due to mechanical shock or
vibration loading can be modeled using an approach of kinematic
hardening (Wiese and Rzepka, 2004). A clear analogy of material
models for lead-free and lead-containing solder alloys was found
although Sn-Ag and Sn-Ag-Cu solders show higher strength and
less ductility compared to the eutectic Sn-37Pb solder alloy.
It is well known that the strength of solder alloys is affected by
microstructure and size effects (Khatibi et al., 2012). Aside fromll rights reserved.
x: +43 1 4277 51326.
M. Lederer), golta.khatibi@
. Weiss).the mechanical properties of the solder itself the strength of a sol-
der joint also depends on its geometry and sometimes even on the
properties of the base material. Because of the boundary condition
at the interface to the stronger base material, the cross contraction
inside the solder is obstructed during tensile deformation. In con-
sequence, the solder joint can carry a tensile load which is much
higher than the tensile strength of the solder material alone (Zim-
prich et al., 2008; Hedge et al., 2009). This effect was investigated
with ﬁnite element analysis compared to tensile tests of Sn-4.0Ag-
0.5Cu (Cugnoni et al., 2006) and Sn-3.5Ag (Lederer et al., 2012) sol-
der joints. In spite of the fact that very similar results were found in
experiment and simulation, the theoretical analysis seems to over-
estimate the increase of joint strength compared to the properties
of the pure solder material. In the present study, this is attributed
to a pressure dependence of the solders ﬂow stress and fracture
behavior. Therefore, a new pressure dependent model for solder
materials is developed which is validated for solder joints of vari-
ous thicknesses exposed to tensile stress. In the case of thin joints,
the stress triaxiality inside the solder reaches a remarkable high
value. Thus, the required material parameters can be extracted
from a numerical ﬁt of the model to experimental data.
An effect of superimposed hydrostatic pressure on the deforma-
tion and fracture behavior of metals is generally accepted (Bridg-
man, 1952). Extensive experimental studies have shown that an
increase of hydrostatic pressure leads to an increase of ﬂow stress
and ductility (Lewandowski and Lowhaphandu, 1998). However,
the theoretical modeling of pressure dependent plasticity has
revealed a fundamental problem: Early theories based on the nor-
mality ﬂow rule predicted a considerable increase of volume during
plastic deformation.While this approach (Drucker andPrager, 1952)
was successfully applied to granular materials, it is in general
inadequate to explain the behavior ofmetals (Spitzig andRichmond,
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of yielding inmetalswith irreversible plastic dilatancy. Hence, pres-
sure dependent yielding inmetals is better described by a deviatoric
associated ﬂow rule (Bai and Wierzbicki, 2008) postulating conser-
vation of volume during plastic deformation.
Several pressure dependent fracture models are known in
literature stating that a triaxiality of tensile stress reduces the
amount of plastic strain to fracture. This behavior may be derived
from the assumption of porosity due to cylindrical (McClintock,
1968) or spherical holes (Rice and Tracey, 1969) in a material
subjected to plastic ﬂow. But it has to be questioned whether this
model may be applied to solder joints exhibiting high stress triax-
iality and at the same time enhanced tensile strength compared to
bulk solder material. Nevertheless, a similar description of plastic
strain to fracture may be obtained from a model of damage
accumulation (Johnson and Cook, 1985). Therefore, a fracture crite-
rion resulting from damage accumulation will be proposed which
fully agrees with the ﬂow rule of the present approach.
2. Formulation of ﬂow rule and fracture criterion
2.1. Pressure dependence of the ﬂow stress
Plastic ﬂow in metals is mainly due to glide of crystal disloca-
tions, and the stress required to move a mobile dislocation is called
the Peierls stress. While propagating through the crystal lattice a
dislocation must override a periodic potential. For an edge disloca-
tion in a cubic lattice a shear stress of
s ¼ c1  exp  c2  db
 
ð1Þ
is needed to shift atoms at the dislocation core from one stable lat-
tice position over the barrier to the next stable position (Peierls,
1940). Here, c1 and c2 are material parameters, d is the interplanar
distance between neighboring lattice planes, and b is the Burgers
vector of the dislocation. It has already been stated that the result
of Eq. (1) may be further improved by numerical computations
which are either based on quantum mechanical methods (Main-
price et al., 2008) or on an elastic variational principle of higher
dimensionality (Schoeck, 2005, 2006). Nevertheless, we use the ori-
ginal Peierls model as starting point of our investigations, since we
wish to obtain a closed formula for the pressure dependence of Pei-
erls stress:
The hydrostatic pressure p is related to the stress tensor rij by
p ¼ rm ¼ 13 TrðrijÞ: ð2Þ
The pressure introduces a volume change
evol ¼  pK ð3Þ
of the material, where K is the bulk modulus and evol = Tr(eij) is the
trace of the strain tensor. Thereby, the interplanar distance d occur-
ring in Eq. (1) is altered. In the isotropic case, one obtains
evol ¼ 3  Ddd0 ; ð4Þ
where d0 is the interplanar distance at zero pressure. Inserting the
altered value for d into Eq. (1) yields
s ¼ c1  exp 







The critical shear stress at zero pressure is hereafter denoted ass0 ¼ c1  exp  c2  d0b
 
ð6Þ
Therefore, Eq. (5) may now be written as
s ¼ s0  exp c2  d0  p3  b  K
 
: ð7Þ
Strictly speaking, a change in volume would also change the
Burgers vector b of the crystal. However, we here argue that the
width of the potential barrier to be overcome by the dislocation
core rather depends on the atomic radius than on the Burgers vec-
tor. Therefore, we replace the Burgers vector b in Eq. (7) by a  c3,
where a is the atomic radius and the constant c3 is a geometry fac-
tor. Thus, Eq. (7) rewrites as
s ¼ s0  exp c2  d0  p3  a  c3  K
 
ð8Þ
Next, the constants in the argument of exponential function are
replaced by a single constant
a ¼ c2  d0
3  a  c3  K : ð9Þ
Consequently, the dependence of Peierls stress on the hydro-
static pressure now takes the form
s ¼ s0  expfa  pg: ð10Þ
Furthermore, one has to consider different contributions to the
ﬂow stress of a material. In fact, the Peierls stress represents only
the least stress required tomove a dislocation. During ongoing plas-
tic deformation, dislocations are stopped at various obstacles which
can be bypassed at a higher stress level. But effects of this kind are
expected to show more or less the same pressure characteristics as
described by Eq. (10). When the crystal lattice is stretched due to
hydrostatic tension, the interplanar distance increases and disloca-
tions havemore space to circumvent obstacles. Hence,we claim that
the pressure dependence of ﬂow stress may be described by
rf ¼ r0  expfa  pg; ð11Þ
whereby the ﬂow stress r0 at zero pressure depends on the disloca-
tion density and hence on the amount of plastic strain accumulated
in the sample. The proportionality of critical shear stress and ﬂow
stress at a given pressure is here based on an analogy to the von
Mises yield criterion (von Mises, 1913), which has already been jus-
tiﬁed on the basis of an octahedral shear stress yield criterion (Dow-
ling, 1999). Eq. (11) obviously deviates from several other theories
assuming a linear dependence of ﬂow stress on hydrostatic pres-
sure. The value of the material parameter a is, however, rather small
and therefore Eq. (11) leads only to a moderate nonlinearity within
the pressure range covered by the present investigation.
2.2. Strain hardening
In order to evaluate strain hardening, we express r0 as function








which plays the role of an internal state variable. Further, we use
the general form of a hardening law which was successfully applied
to lead-free Sn-4.0Ag-0.5Cu (Cugnoni et al., 2006):
r0 epleqv
 
¼ rY þ Q 1 exp B  epleqv
n o 
þ K  epleqv ð13Þ
Here, ry is the yield stress at zero plastic strain while Q, B and K are
additional material parameters to be determined from numerical
ﬁtting to experimental data.
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By analogy to von Mises plasticity (von Mises, 1913), the plastic




















When f < 0, only elastic deformations may occur. In the case of f = 0,






where the consistence parameter k

is related to the increment of
plastic equivalent strain. Eq. (16) preserves conservation of volume
during plastic deformation, because the direction of plastic ﬂow is
the same as for von Mises plasticity.
The yield surface of this model is depicted in Fig. 1. Since ﬂow
function f and plastic potential g of the model are not identical,
the ﬂow rule would be called non-associated according to the ter-
minology of classical plasticity theory. But as this rule was derived
from the condition of plastic incompressibility, it is nowadays
called a rule of deviatoric associated ﬂow (Bai and Wierzbicki,
2008).
The model was implemented into the FEM code Abaqus with
the help of user material subroutine UMAT. For this purpose, the
ﬂow rule was rewritten in the form of an incremental description
in order to facilitate integration using the Euler backward method.
2.4. Fracture criterion
Ductile failure of structures is said to consist of three phases:
accumulation of damage, initiation of fracture and crack propaga-
tion. The accumulation of damage can be described by a damage
variable D depending on the stress – strain history of a volumeFig. 1. The yield surface of the proposed model in the space of principal stresses,
schematically.element (Lemaitre, 1985; Xue, 2007). The damage variable D takes
the value 0 in the undamaged state. In the absence of recrystalliza-
tion it increases monotonically during plastic deformation until it
reaches the value 1 at the onset of fracture. The physical interpre-
tation of damage is related to the accumulation of lattice defects
like dislocations or vacancies. In the case of constant hydrostatic
pressure, a fracture criterion is formulated here in terms of
describing the equivalent plastic strain to fracture by
ef ¼ D1  exp D2  prf
 
ð17Þ
where D1 and D2 are material parameters. The accumulation of





This criterion is equivalent to a reduced form of the Johnson and
Cook criterion (Johnson and Cook, 1985). However, the value for
the ﬂow stress rf in Eq. (17) is consequently derived from the
equations of our present approach.
3. Validation of the model
Now, the model predictions are compared to tensile tests of Sn-
3.5Ag solder joints. The main part of experimental results has al-
ready been published elsewhere (Zimprich et al., 2008). Pictures
of solder joints are depicted in Fig. 2. Solder gaps with cross sec-
tions of 2  3 mm and thicknesses from 60 to 900 lm were con-
necting dog-bone shaped pieces of copper base material.
Before the tensile tests, the samples were exposed to a heat
treatment of 80 C for 3 h. The elongation of the samples during
tensile testing at room temperature was measured with a non-con-
tacting optical strain sensor. A pronounced effect of solder joint
thickness on the tensile strength was found.Fig. 2. Pictures of tensile specimens: (a): A dog bone shaped sample with cross
section of 2  3 mm at the solder joint. (b): Solder joint with thickness of 65 lm.
(c): Solder joint with thickness of 820 lm.
Table 1
Optimized material parameters describing plasticity and fracture of Sn-3.5.
rY [MPa] Q [MPa] B K [MPa] a [Pa1] D1 D2
29.6 23.8 130 1.7 2.05 ⁄ 109 0.5 0.21
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60, 90, 180, 300, 600 and 900 lm. In any case the solder material
was modeled with hexahedral elements of linear integration type
(C3D8R) with lateral length of 15 lm. Due to symmetry condi-
tions, only 1/8 of the sample was modeled. In order to obtain an
elasto-plastic material model for the commercial pure copper base
material, tensile tests were performed with copper samples ex-
posed to the same heat treatment as the solder joints (Ziering,
2012; Lederer et al., 2012). In accordance with an experimental
study of Darveaux et al. (1995), a Young’s modulus of 48 GPa
was assumed for Sn-3.5Ag at room temperature. Further, a
Poisson ratio of 0.4 was taken over from a publication of Tsai
et al. (2009). The remaining material parameters of the solder
were derived through the following procedure: Uniaxial stress -
strain curves obtained from tensile tests of bulk material can be
found in a publication of Chen et al. (2004). From a numerical
ﬁt to these data, one derives approximate values for the material
parameters rY, Q, B and K while the parameter a is for the mo-
ment neglected. Thus, approximate values for D1 and D2 are esti-
mated in agreement with the maximum of local plastic strain to
fracture observed for the thinnest and for the thickest solder
joints. Next, an approximate value for a is is obtained from a ﬁt
to the curve of ultimate tensile strength versus solder joint thick-
ness. Thereby, the parameters rY and Q are to be increased when
a is increased so that the ﬁt to the uniaxial stress – strain curve of
bulk solder will not deteriorate. Finally, a least error square ﬁt of
ultimate tensile strength versus solder joint thickness is per-
formed to optimize the parameters a, D1 and D2 while the other
parameters are kept constant. The result of the numerical ﬁt
compared to experimental data is depicted in Fig. 3.
Any experimental point in the diagram represents a series of at
least 3 tensile tests. The optimized ﬁt parameters are summarized
in Table 1.
The signiﬁcant increase of tensile strength with decreasing sol-
der gap size is due to the fact that a triaxiality of tensile stress re-
duces the value of von Mises stress in a plastically incompressible
material as shown in Fig. 4.
Since the triaxiality is introduced by the vicinity to the stronger
base material, thinner solder joints experience a higher triaxiality
and can therefore carry higher loads. However, the increase in
strength is limited by the strength of the base material and also
by embrittlement of thin joints. Indeed, a triaxiality of tensileFig. 3. The ultimate tensile strength in experiment and simulation for solder gaps of v
simulation results with optimized parameters compared to simulation results using com
D2 = 0.stress can also show the tendency of lowering tensile strength
due to a reduction of ductility. It is therefore interesting to observe
how plastic strain and damage propagate through the samples. In
the case of joints with thicknesses from 180 to 900 lm the maxi-
mum of damage was found at the same position as the maximum
of plastic strain. This was always at the periphery of the samples
near the interface to the base material, as depicted in Fig. 5.
The solder joint with 90 lm thickness, however, showed a
crossover effect where damage ﬁrst occurred at the periphery
although fracture ﬁnally was initiated in the interior of the speci-
men. Fig. 6 shows the load step at fracture where the damage value
in some part of the interior was slightly higher than at the
periphery.
As depicted in Fig. 7, this effect was further enhanced in the case
of the 60 lm thick solder joint. Although damage once again
started at the periphery, the value of damage was ﬁnally much
higher in the interior where fracture actually occurred. In conse-
quence, thin solder joints appear to be brittle. It should be noticed
that a scattering of the experimental results for the ductility is due
to the statistical nature of the damage variable.
The comparison of the cases a = 0 and D2 = 0.21, or
a = 2.05  109 Pa1 and D2 = 0, with the results for optimized a
and D2 illustrates the different inﬂuences of ﬁt parameters on the
numerical calculations as depicted in Fig. 3. For a = 0 and
D2 = 0.21, the crossover effect causing fracture in the interior of
the sample would be shifted to a thickness range below 60 lm
which is not covered by the present simulations. On the other hand,
forD2 = 0, the crossover effect completelydisappears so that fracture
always occurs at the periphery of the solder joints. Hence, the differ-
ent effects of the parameters a and D2 on the ultimate tensile
strength lead to a result for the ﬁt parameters which is unique.
4. Discussion
In the present investigation a deviatoric associated ﬂow rule
was assumed. In any projection on a plane parallel to the deviatoricarious thicknesses. The effect of pressure dependence is illustrated by a graph of
binations of a = 0 and D2 = 0.21, a = 2.05  109 Pa1 and D2 = 0, and also a = 0 and
Fig. 4. Plot of the von Mises stress [Pa] for a sample of 300 lm thickness for a
tensile stress of 108 MPa. The sample is close to rupture. Due to symmetry
conditions, only 1/8 of the sample was simulated. The planes which are visible in
this cut view, i.e., the front, the left and the bottom plane are symmetry planes.
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surface. However, in the space of 3 principal stresses the normality
rule is violated. Instead, the direction of plastic ﬂow is determinedFig. 5. Plot of the damage variable (a) compared to a plot of the plastic equivalent strain (
the periphery of the sample. Deformations in the plot are magniﬁed according to deformby the condition of volume conservation. On microscopic level, the
justiﬁcation for this condition is provided by the fact that plastic
ﬂow in metals is achieved through the motion of mobile
dislocations.
Furthermore, the constitutive model presented here violates the
so called convexity condition: Although the intersection of the
yield surface with a plane parallel to the deviatoric plane is convex,
the intersection with a plane containing the hydrostatic axis is con-
cave, as shown in Fig. 8.
Therefore, it must be checked whether the present model is in
conﬂict with any fundamental physical law. In fact, the convexity
condition (Betten, 1979) was derived from a stability postulate
for work hardening (Drucker, 1950) which was established before
pressure dependence of plastic deformation was introduced (Druc-
ker and Prager, 1952). According to the stability postulate the work
done on the sample should always be positive when plastic defor-
mation takes place. This condition reads as
drij  deplij P 0 ð19Þ
But in this strong form, the stability postulate seems to be too
restrictive to cover all possible material behaviors. Instead, we here
suggest a weaker form of this postulate which has also been men-
tioned in the literature (Drucker, 1950; Srinivasa, 2010). For any
complete cycle of loading and unloading, the work done on the
sample must be positive when plastic deformation takes place. In-
deed, a pressure dependent plasticity model may lead to plastic
ﬂow during release of hydrostatic pressure, because then the ﬂow
stress is reduced. In this case the deviatoric stress is lowered whenb) for a 180 lm thick solder joint at the moment of rupture. Crack initiation occurs at
ation scale factor 10.
Fig. 6. Plot of the damage variable for a solder joint of 90 lm thickness short before rupture. Damage in the interior of the sample reaches the same level as at the periphery.
Deformation scale factor: 10.
Fig. 7. Plot of the damage variable of a solder joint with 60 lm thickness at rupture. Crack initiation starts in the interior of the specimen. Plot (a) shows the midsection of the
specimen while plot (b) refers to a cutting plane in the vicinity of the interface to the base material. Deformation scale factor: 10.
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pation in the material occurs on the expense of elastic energy
stored in the sample. During this stage of deformation Eq. (19)
may be violated because the additional plastic strain has opposite
sign as the change in stress. This reduction of stability is an effect
which actually occurs in the material during release of hydrostatic
pressure. However, after a closed cycle of deformation the work
done on the sample is non-negative as required by the ﬁrst law
of thermodynamics. To ensure this condition, it is sufﬁcient thatany cut of the yield surface with a plane parallel to the deviatoric
plane is convex. But the consequences following from the new
shape of the yield surface must carefully be considered. As a matter
of fact, a dependence of the material reaction on the strain path can
occur. Ambiguities of the solution have to be avoided by keeping
the load steps small during integration with the Euler backward
method. But it should be mentioned here that the violation of con-
vexity is rather small when realistic values are inserted for the
material parameter a.
Fig. 8. The intersection of the yield surface with a plane containing the hydrostatic
axis appears to be concave.
Fig. 9. SEM micrograph of a ruptured sample with an initial solder gap thickness of
900 lm. Fracture was initiated near to the interface of the upper part. An inspection
of the lower part shows that there is no singularity of plastic strain at the interface
between solder and copper.
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assuming porosity in the material. The ductile enlargement of
spherical voids in triaxial stress ﬁelds is a consequence following
from the ﬂow rule of von Mises plasticity (Rice and Tracey,
1969). However, this model needs a modiﬁed justiﬁcation before
it can be applied to the solder material of the present investigation.
In fact, the tensile strength of thin solder joints reaches a value
which is approximately 4 times higher than the strength of bulk
solder. At the same time the stress triaxiality inside solder joints
is much larger than in tensile specimens of the solder alone. When
macroscopic holes were assumed in the initial state of the solder
material, the solder joints should break at a lower stress level.
Therefore, damage in the samples is here considered as an accumu-
lation of lattice defects which are in general not considered as mac-
roscopic holes. Although vacancies occur in the crystal lattice, the
bonds between neighboring atoms are not completely broken.
Therefore, lattice vacancies may not be treated like holes in a mod-
el of continuum mechanics. Indeed, the inﬂuence of lattice defects
on the strengths of materials is very complex. When they are dis-
tributed uniformly, they usually increase the ﬂow stress since they
are obstacles to the motion of mobile dislocations. On the other
hand, due to the statistical nature of lattice defects their accumu-
lation can sometimes cause a local weakening of the structure
leading to generation of voids. We therefore claim that the solder
material was initially free from macroscopic voids. During plastic
straining lattice defects were accumulated leading to a formation
of macroscopic voids when the damage variable of Eq. (18) reached
the value 1. In consequence, the generation of macroscopic voids
automatically initiated fracture.
In general, hydrostatic pressure is said to have small inﬂuence
on the yield strength and a large effect on the ductility of metals
(Bai and Wierzbicki, 2008). Nevertheless, the present investiga-
tion revealed a remarkable inﬂuence of the material parameter
a on the ultimate tensile strength. In this context, it is important
to mention that the Sn-3.5Ag solder shows little strain hardening
at plastic strains above 5%. Therefore, a moderate reduction of
ductility has little impact on the ultimate tensile strength.
However, in the case of the thinnest joints the pressure
dependent fracture criterion has moved the location of fracture
initiation from the periphery to the interior of the samples. In
consequence, the specimens became so brittle that the combina-
tion of pressure dependent yielding and fracture exceeded the
sum of both effects alone.As a matter of fact, the mesh convergence in the vicinity of
the interface between solder and base material is a difﬁcult
issue. According to the principles of fracture mechanics, a stress
singularity is expected for material transitions at the surface.
However, the theoretical singularity does not reﬂect the actual
behavior of the material. If there was a stress singularity, then
a singularity of plastic strain should be observed experimentally
already before rupture. But the SEM micrograph of a fractured
sample depicted in Fig. 9 shows no such singularity of strain.
Therefore, the mesh reﬁnement was stopped at a level where
a further reduction of element size would deteriorate the
agreement with the experiment.5. Conclusions
A constitutive model for plasticity and fracture of solder joints
is proposed. Thereby, pressure dependence is considered in ﬂow
rule and fracture criterion. This leads to improved agreement of
experiments and simulation results for the ultimate tensile
strength of solder joints with various thicknesses. Moreover, the
following aspects are clariﬁed: First, the convexity rule for the
yield surface may be violated insofar as it is sufﬁcient when any
intersection of the yield surface with a plane parallel to the devia-
toric plane is convex. Second, the criterion of ductile fracture ob-
tained from the assumption of void growth may be extended to
materials without initial porosity using an approach of damage
accumulation.
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